In this section, we state the basic properties of the stable and unstable manifolds of an hyperbolic equilibrium point of an abstract evolutionary equation. Indications of the proofs also will be given. To simplify the presentation and in order not to obscure the fundamental ideas, we concentrate on ordinary differential equations in finite dimensions and then give references for the appropriate modifications in infinite dimensional cases.
Consider the system of differential equations
where x E R n , A is an n x n constant matrix whose eigenvalues have nonzero real parts, /: R n -> R n is a Lipschitz continuous function satisfying PROOF: The proof is a standard application of the contraction mapping principle (for example, see Hale [1969] or [1980] ) and gives exponential decay rates of the solutions to the origin. Suppose fc, a are chosen so that (A.6) is satisfied and also so that 
«/-oo
From this inequality, one can prove that (see, for example, Lemma 6.2, p. 110 of Hale [1980] ) that
This estimate shows that x*(-,0) = 0 and also that a;*(0,2:0) £ W U (Q). The same type of computations show that
In particular, z*(-,zo) is Lipschitzian in XQ.
One next observes that
Thus, the mapping XQ H-> X*(0, XQ) is one-to-one with a continuous inverse.
These estimates together with the fact that <j)(t, xo), t < 0, XQ G W U (0) must satisfy (A.3) imply that ^""(O, £/) for some U satisfies the conclusions of the theorem. The same type of argument applied to (A.4) will yield a complete proof of the theorem. It is more difficult to obtain more regularity of the manifolds Wfc c (0), Wf oc {0). If we assume that the vector field is C k , then a standard application of the contraction mapping principle to (A.8) will not show that the above manifolds are C k . However, with considerable effort, one can show that they are C* -1,1 ;
that is, they are represented by a function which is C k~l with the k -1 first derivatives being Lipschitz (see, for example, Carr [1981] , Sijbrand [1985] ). One must then use some other method to show that the manifolds actually are C k . A convenient way is to use the following lemma of Henry [1983] based on a remark in Hirsch, Pugh, and Shub [1977, p. 35 
as (x,ft) -• (xo,0).
PROOF. It is easy to see that (A.ll) holds if g is a (^-function. Without loss in generality, we take Q to be a ball and g to be Lipschitzian in Q. If the derivative g f of g exists at each point of Q and (A.ll) is satisfied, then g' is continuous. Thus, it is enough to prove that g 1 exists at each point of Q.
Case 1. Let us first suppose that X = Y = R. Since g is absolutely continuous, it is differentiable almost everywhere. For any XQ G Q, e > 0, there is a 6 > 0 such that
There is an x* in (XQ -<5, xo + 6) such that g'{x*) exists. Thus, for h ^ 0 sufficiently small, We do not prove this theorem. A complete proof can be found in Hirsch, Pugh,and Shub [1977] where they used the graph transform (in contrast to fixed points of T in Formula (A.8)) to show the existence of the unstable and stable sets and they used a fiber contraction theorem to obtain the smoothness. Another proof is contained in Henry [1983] Chow and Lu[ 1988a] where they use (A.8) for existence, Lemma A.3, and a C r -section theorem similar to the one in Hirsch, Pugh, and Shub [1977, p. 31] for the smoothness. Another proof has been given by Vanderbauwhede and van Gils [1987] using (A.8) and a fixed point theorem in weighted Banach spaces. Recently, Chow and Lu [1988b] have given a proof using (A.8), weighted Banach spaces and the contraction theorem. We should remark that the results in Hirsch, Pugh, and Shub [1977] deal with the more general problem of stable and unstable sets (as well as the persistence under perturbations) of normally hyperbolic invariant sets.
For infinite dimension problems, there are analogues of Theorem A.6 for some situations. These include all of the examples discussed in this book except the nonlinear diffusion problem of §4.9.6. The analogue of Theorem A.2 can be found in Ball [1973] and the presentation in Henry [1977] , as well as in Vanderbauwhede and van Gils [1987] , Lu[ 1988a], [1988b] , is given for infinite dimensional problems.
We state 
Let F: X -• Y be a given function and consider the integral equation in X:
(A.13)
x(t) = S(t)x 0 + [ S(t-T)F(X(T)) dr.
Jo For the linear semigroup S(t), the subspace X\ of X is the unstable manifold of zero and the subspace X 2 is the stable manifold of zero. If we suppose that As mentioned earlier, Theorem A.6 can be applied to the equations considered in this book (except for §4.9.6). For example, for the case in which S(t) is an analytic semigroup with generator -A (see §4.2), the two Banach spaces X, Y are respectively X Q , X in the notation of §4.2. For the damped hyperbolic equations considered in § §4.7 and 4.8, X = Y = ^(fi) x L 2 (fi).
For applications, one must also consider center manifolds and the manifolds near an equilibrium point which have a specified exponential behavior either as t -• -Hoc or as t -• -oo. Such results are obtained by splitting the spectrum of the linear semigroup e At by the circle \z\ = e 11 * and then using weighted supremum norms so that the equilibrium point appears to be a saddle point for the linear operator in this norm (see Ball [1973a] , Henry [1983] , Vanderbauwhede and van Gils [1987] , and Chow and Lu [1987b] ).
As a final remark, we mention that results similar to the above ones are valid for fixed points of maps. In this case, the integrals in (A.8) are replaced by sums. S. N. Chow and K. Lu, C 
